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, , , ,
2 ( Epstein , Hejhal




( , [SS], [S1] ).
$(G, \rho, V)$ $\mathbb{Q}$ , $S$ singular set
. , $G$ reductive, $S$ ,
$S$ $P(x)$ . $P(x)$ , Q
. $P(x)$ , G- .
$P(\rho(g)x)=\chi(g)P(x)$ $(x\in V, g\in G)$
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$G$ Q $\chi$ . $V_{\mathbb{R}}-S_{\mathbb{R}}$
$V_{\mathbb{R}}-S_{\mathbb{R}}=V_{1}\cup\cdots\cup V_{\nu}$
.
$(G, \rho, V)$ $\xi;(s)(1\leq i\leq\nu)$ , $\Phi_{j}(f;s)(f\in$
$S(V_{\mathbb{R}}),$ $1\leq i\leq l/$), $Z(f;s)$
$\xi_{i}(s)=\sum_{x\in\Gamma\backslash (V_{Z}\cap V_{j})}\frac{\mu(x)}{|P(x)|^{s}}$ ,
$\Phi_{i}(f;s)=\int_{V_{1}}|P(x)|^{s}f(x)dx$ ,
$Z(f;s)= \int_{G_{R}^{+}/\Gamma}\chi(g)^{s}\sum_{x\in V_{Z}-S}f(\rho(g)x)dg$
. , $G_{\mathbb{R}}^{+}$ $G_{\mathbb{R}}$ , $\Gamma=$
$G_{\mathbb{R}}^{+}\cap G_{Z},$ $dg$ $G_{\mathbb{R}}^{+}$ Haar . , $G_{x}^{+}=\{g\in G_{\mathbb{R}}^{+}; \rho(g)x=x\}$ ,
$\Gamma_{x}=G_{x}^{+}\cap\Gamma$ , $\mu(x)$ $G_{x}^{+}/\Gamma_{x}$ Haar
.
, , $\xi_{i}(s),$ $Z(f;s)$ ${\rm Re}(s)$
. , $\mu(x)<+\infty$ .
$V^{*}$ $V$ , $\rho^{*}:$ $Garrow GL(V^{*})$ $\rho$ ,
$(G, \rho^{*}, V^{*})$ $\mathbb{Q}$ ,
, , , . ,
$*$ , $(G, \rho^{*}, V^{*})$
.
, $\xi_{i}(s)$
$s \frac{n}{d}-s(n=\dim V, d=\deg P)$

















$\gamma_{ij}(s)$ , $f$ ,
;




(5) : $\xi_{i}(s),$ $\xi_{i}^{*}(s)$
, .
$\xi_{i}^{*}(\frac{n}{d}-s)=\sum_{j=1}^{\nu}\gamma_{ji}(s-\frac{n}{d})\xi_{j}(s)$ $(1\leq i\leq\nu)$ .
(4) b- , , $\gamma_{ij}(s)$
. , (2) ,
Poisson , singular set $S$





4 . , (1) ,
[S3] . ,
, (A) Compact case, (B) Symmetric case 2
. , .
2 , Compact case Epstein
, Symmetric case Hejhal ternary non-
zero form , (2), (3), (4)
. , Compact case [S4], Symmetric case
[S5] .
\S 2 Epstein
$G=GL(1)\cross SO(n),$ $V=\mathbb{C}^{n}$ , $G$ $V$ \mbox{\boldmath $\rho$} : $Garrow GL(V)$
$\rho(t, h)x=t\cdot hx(x\in V, t\in GL(1),$ $h\in SO(n))$ . $V$
SO(n)- $(x, y)= \sum_{;1}^{n}=x;y$; , $P(x)=(x, x)= \sum_{;}^{n_{=1}}x_{1}^{2}$
. $(G, \rho, V)$ , singular set $S$
$S=\{x\in V|P(x)=0\}$ .
$d$ $H_{d}$ . , $\Delta=\frac{\partial^{2}}{\partial x_{1}^{2}}+\cdots+\frac{\partial^{2}}{\partial x_{n}^{2}}$
, $Q(x)\in H_{d}$ $d$ , $\Delta Q=0$ .
$Q\in H_{d}$ , Q- Epstein
$\zeta(Q,L;s)=\sum_{x\in L-\{0\}}\frac{Q(x)}{(x,x)^{s+A}2}$
. $L$ , $V_{\mathbb{R}}=$ . Dirichlet \mbox{\boldmath $\zeta$}(Q, $L;s$ )
${\rm Re}(s)> \frac{n}{2}$ . ,
$\Phi(Q, f;s)=\int_{V_{R}-\{0\}}(X, X)^{s-\frac{n+d}{2}Q(x)f(x)dx}$ (f\in S( V ))
.
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fXEilEl (Epstein (1903), (1907)).
(i) $((Q, L;s)$ , $s$ .
$d\geq 1$ , , $Q$ , $((Q, L;s)$ .
(ii) $\zeta(Q, L;s)$ , :
$\xi(Q, L;s)=v(L)^{1/2}\pi^{-s}\Gamma(s+\frac{d}{2})((Q, L;s)$
$e^{d\pi i/2} \xi(Q, L^{*}; \frac{n}{2}-s)=\xi(Q, L;s)$ .
, $v(L)$ $L$ , $L^{*}$ $L$ .
$K=SO(n)_{\mathbb{R}}$ . $G_{\mathbb{R}}^{+}=\mathbb{R}^{x}+\cross K$ . $SO(n-1)_{\mathbb{R}}$ $x_{0}=$
${}^{t}($ 1, $0$ , ..., $0)$ $K$ isotropy . $(\pi, W)$ $K$
$SO(n-1)$ class 1 . ,
$d\geq 0$ $H_{d}$ $K$ .
$(\pi, W)$ , End(W) $Z_{\pi}(f, L;s)$
$Z_{\pi}(f, L;s)= \int_{0}^{\infty}t^{2s}\frac{dt}{t}\int_{K}\pi(k)\sum_{x\in L-\{0\}}f(tkx)d$
. $dk$ , $vol(K)=1$ $K$
. ${\rm Re}(s)> \frac{n}{2}$ .
$x\in V_{\mathbb{R}},$ $x\neq 0$ , $t_{x}>0,$ $k_{x}\in SO(n)_{\mathbb{R}}$ $x=t_{x}k_{x}x_{0}$
. , $k_{x}$ $SO(n-1)$ modulo . $w_{0}$
\pi (SO(n--l)R)- , $||w_{0}||=1$ $W$ .
, 1 . $d\geq 0$ $\pi$ $H_{d}$
$d$ , $w\in W$
$Q_{w}(x)=(\dim W)^{1/2}(x,x)^{d/2}\{\rho(\text{ _{}x})^{-1}w,w_{0})$
, $Q_{w}(x)\in H_{d}$ , $wrightarrow Q_{w}$ $W$ $H_{d}$
.
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( ). $w,$ $w’\in W$ , ${\rm Re}(s)> \frac{n}{2}$ ,
:







. $Q\in H_{d},$ $f\in S(V_{\mathbb{R}})$ ,
$\Phi(Q,\hat{f};s)=e^{d\pi i/2}\pi^{-2s+\frac{n}{2}}\frac{\Gamma(s+\frac{d}{2})}{\Gamma(\frac{d+n}{2}-s)}\Phi(Q, f;\frac{n}{2}-s)$.
.
, [RS], \S 5 , ( ) .
b- , , .








\S 3 ternary non-zero form
, Hejhal $([H])$ , 1
.
3.1
, . $G=GL(2),$ $V=Sym(2)=$
$\{x\in M(2)|^{t}x=x\}$ , $\rho$ $\rho(g)x=gx^{t}g$ .
$(G, \rho, V)$ , $P(x)=\det x$
$S=\{x\in V|P(x)=0\}$ .
, Hejhal , Q . $p,$ $q$ square free
, $x_{1}^{2}-px_{2}^{2}-qx_{3}^{2}$ $\mathbb{Q}$ $0$
. $V$ Q
$V_{\mathbb{Q}}=\{x=(\begin{array}{ll}x_{1}+\sqrt{q}x_{3} \sqrt{p}x_{2}\sqrt{p}x_{2} \sqrt{q}x_{l}-x_{3}\end{array})\in V|x_{1},$ $x_{2},$ $x_{3}\in \mathbb{Q}\}$
. , $P(x)=\det x=x_{1}^{2}-px_{2}^{2}-qx_{3}^{2}$ .
$-$





$L=V_{Z}=\{x=(\begin{array}{ll}x_{l}+\sqrt{q}x_{3} \sqrt{p}x_{2}\sqrt{p}x_{2} x_{l}-\sqrt{q}x_{3}\end{array})\in V|x_{1},$ $x_{2},$ $x_{3}\in Z\}$
1 Fuchs , ,
:
$\phi$ : $\emptysetarrow \mathbb{C}:C^{2}$
$s$ . $t$ . (i) $\phi(\gamma\cdot z)=(\frac{cz+d}{|cz+d|})^{m}\phi(z)$ $(^{\forall}\gamma=(\begin{array}{ll}a bc d\end{array})\in\Gamma)$
(ii) $\Delta_{m}\phi(z)=\lambda(\lambda-1)\phi(z)$ ,
$m$ $m\equiv 0(mod 4)$ , $\Delta_{m}$
.




$(_{+}(\phi;s)$ $=$ $|m/2|! \cdot\frac{\Gamma(\lambda)}{\Gamma(\frac{m}{2}+\lambda)}\cdot\sum_{x\in\Gamma\backslash (L\cap V_{+})}\frac{E_{\phi}(x)}{|\Gamma_{x}|}\cdot|P(x)|^{-s}$ ,
$(_{-}(\phi;s)$ $=$ $\frac{(-4)^{-m/4}}{2\sqrt{\pi}}\frac{\Gamma(1-\frac{\lambda+\frac{m}{2}}{2})\Gamma(1+\frac{m}{2}-\lambda)}{\Gamma(1-\lambda)\Gamma(\frac{\frac{m}{2}-\lambda+1}{2})}$





. $x\in L\cap V+$ , $|\Gamma_{x}|<+\infty$ . $x\in L\cap V_{-}$ ,
$\Gamma_{x}\cong.\{\pm 1\}\cross Z$ , $|\Gamma_{x}|=+\infty$ .
$E_{\phi}(x)$ , $x\in L\cap V_{+}$ , $x=t\cdot(g{}^{t}g)$ $t\in \mathbb{R}^{x}$
$g\in SL(2)_{\mathbb{R}}$ . $z_{x}=g\cdot\sqrt{-1}\in si,$ $w=\underline{z-z_{x}}$ , $w$
$-\overline{z_{x}}$
. $\phi(z)$ $w=7^{\cdot}e^{i\theta}$ $\theta$ Fourier
, :
$\phi(z)$ $=$ $( \frac{1-w}{1-\overline{w}})^{m/2}\sum_{n\in Z}c_{n}(x)r^{|n|}(1-r^{2})^{\lambda}$
$\cross F(\lambda+|n|+\frac{m}{2}sgn(n+\frac{1}{2}), \lambda-\frac{m}{2}sgn(n+\frac{1}{2}),$ $1+|n|;r^{2}$ ) $e^{in\theta}$ .
$F(a, b, c;z)$ Gau .
$E_{\phi}(x)=c_{-m/2}(x)$
.
$I_{\phi}(x)$ . $x_{0}=$ $(\begin{array}{ll}0 \sqrt{q}\sqrt{q} 0\end{array})$ $\in L\cap V_{-}$ ,
$x\in L\cap V_{-}$ $x=t$ . $(g_{X}0{}^{t}g)$ $t>0$ $g\in SL(2)_{\mathbb{R}}$ .
$g=(\begin{array}{ll}a bc d\end{array})$
$\psi(z)=(\frac{|cz+d|}{cz+d})^{m}\cdot\phi(g\cdot z)$




$(_{\pm}(\phi;s)$ , ${\rm Re}(s)> \frac{3}{2}$ .
(Hejhal [H]). (i) ($\pm(\phi;s)$ $s= \frac{3}{2}$ 1 ,
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. , $\zeta_{\pm}^{*}(\phi, s)$ , $V$ $(x, y)=trxy$
$L$ .




. , $G^{1}=SL(2)\sim K=SO(2)$ . $G^{1}$ $g$









$C$ , Casimir . $u$ ,
$Z(f, u;s)= \int_{0}^{+\infty}t^{2s}\frac{dt}{t}\int_{G^{1}/\Gamma}u(h)\sum_{x\in L-S}f(t\cdot hx{}^{t}h)dh$ $(f\in S(V_{\mathbb{R}}))$
. , ${\rm Re}(s)> \frac{3}{2}$ .
$Z(f, u;s)$ ,
homogeneous of degree $0$ , $u$ $K$ (i)





. $w= \frac{z-i}{z+i}$ . $V_{+}\in x$ , $x=t\cdot h{}^{t}h$





( ) . $(*)_{11}$ $*$ $(1,1)$- .
, ,











$Z(f, u;s)=Z( \hat{f}, u;\frac{3}{2}-s)$
. ,






. , $GL(2)$ Borel V $=$
131
$Sym(2)$
. b- , .
, (global)
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